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A Multivariate Approach to Tests of Hypotheses
Associated with the Electromaze
William J. Moonan

University of Minnesota

“Abstract
An application of mﬁitivariate analysis of variance ié made to seven
electromaze problems which were given to physics and American Stuaies majors.
gt‘the University of Minnesota, ﬂRéasons ard advantages for considering a
multivariate hypothesis are given and é'discussion is includéd which con-
trasts matrix variaﬁés and linear variates., The actual.test'used is derived
from elementafy prinéiples and is known more commonly as Hotelliné's T?.
’ y : : were made
Seven multivariate analyses on two variates ~trials and'timg;—/and the re-

sults summarized in a convenient table together with the seven separate an-

alyses for both variates considered indcpendently.



A Multivariate Agproach tc Tests of Hypotheses

Associated with the Electromazes

Almost from the beginaing of experience with the electromaze, the choice
of the proper criterion by which performance should be judged needed careful
‘consideration. Kruglak (1) was the first to reccgnize the problem and in his
exploratory studies decided to consider two criteria, VThe data were accord-
ingly analyzed, using the two criteria, but they were treated as indépendent
variates, This suppoéition was shown untenable and KrpgléRVSuggésted an ine-
vestiéétion that would éhow how the criteria could be cbnSidered Jjointly and

- what the results of such analyses would be,
Before gatting into the details of the analysis a brief discussion will
be given which tells why the usual univariate analysis of variance model is

rot appropriate for the electromaze data,

o

Needs for an Extension of the-Cuétoﬁary Models
Although the procedures ofrordinéry analysis_of variance and covariance
y gré'extremely useful in research, théy are not sufficieﬁt for the analysis '
. of ménjiéxpariménts; 'Evén_when the brihci@les of aralysis of #ariénne {an-
:_ova)are.applicaﬁle,to data, this insufficiehby'may arise from one of two
léircﬁmstanées: 7 |
1. The incapability of one dependent variate to describe satisfactor-
ily, or fo define, the concept which the researcher wishes to con-
sider in an experiment.
2. The incapability of independent tests of significance to aésign
: cérrectly exact probabiiities of rejection or acceptance of hypo-
theses when these tests are applié&'successivaly to variates mea-

sured on the same subjects or objects.

#Project NRIS3-1405, under contract NO onr - 66213 with the Office of Naval

%eéeagch, “ior o? %pe contract is under the seneral direction of Tr, He Krug-
ak, Deévartment of Physics,
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These two criticisms may be illustrated by considering some hynotheses
associated with the electromaze, It was the original intention of Kruglak
(1) to contrast the performance of two groups of students, designated as
"Physics Majors" and "American Studies Majors™ on each of seven problems as
presented by the electromaze, 7he characteristics of the groups are not of

immediate concern-to us, but.the variate to be analyzed ise The researcher

was interested in testing a null hypothesis by means of a variate which may

be termed "Ability to solve prob]ems on the electromaze," This variate has
been COn51dered by the partl 1pants and capable, critlcal judges t0 be re-
lated tomlogical procedure'l and/or "301ent1f1c method., "

mhe subJects “ablllty to solve problems on the electromaze" must be

measured by some obJectlve evidence, The two measures, suagested bj’nlugLak,

- are tre number of trials and the time 1n seconds which were needed by the sube

Jjects to solve the problems,- dhen<con51dered,separately or 1naependently,

nelther of these.measures appears bO be satlsfactory for measuring the var-

iate,under study.. This can be Justlfled bJ'con51der1ng two extreme situa-

tions, SupDose a student does/not possess kncwled . of "logical procedures

or tte "sclentlflq method, " .This student vhen dsked to solve a problem pre-

sented by.the~e1ectromaze Wouid attack the problem somewhat haphazardly and
o . :

would punch the keys sbmeﬁhet indiscriminately. Such punching could solve

the vroblem in a relatlvely short tlme if the problem were simple enough,

but 1t is expected that, in general, it would take a considerable number -of

‘punches to do scs Alternatnvelj, cosslder a second tybe of student who pos-
- sesses. knowledge of certain logical prodecures and/or the "sc1ent1f1c methodU

It will take some time for this student to formulate his attack on the prob-

lem, without having made a move, However, it is probable that fewer trials
per unit time would be made in this case than by the haphazard aporoach. If
several students of the "haphazard" type were to solve a problem on the elec-

tromaze, their total number of trials would be larger, but their time of sol-




utidn would be less,'than for the same number of students of the second type

:who had solved the same problem {or perhaps about equal to the first type 1f

the problemn was very 51mple)., Qbservatlons of students actually performing

on the electromaze point to the fact that they use a mixture of the rational

'and random approach to a varying oegrec. If the above argument is permitted

" 1t would seem that -in general the’ variates,number of irials and time in

_seconds,n=ed to te con51dered 51multaneoule in the analysis which purports

~ to test hypotheses regardlng the variate "ablllty to solve pro lems on the_._

electromaze " Phe-questlon now naturally arlscs on how to analyze these var-

'_iates together.

,Linear Variates and Matrix Variates
‘A‘ébﬁméﬁ method of handling this problem is to constrnct'ﬁhat'may be

termed a linear variate-or -linjear definition of ablllty to solve problems

§ s [N
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__.on the electromaze. xhat 1s, the two var1ates are compounded by a linear

ety rEgre

-form. fhe coefflclents of such porms are varlously determlned by guesswork,.

*shrewd Judgment, or- by some” mathematlcal cr1ter1on. Anyone of these proce-

.....
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'These new 1nd1ces ‘are the varlebles whlch are analjzed. nnother common

-=method of;analysis for situations of this type.would be to make,two'separate

~apalyses, one for each variate, This procedure, besides involving interpre=-

tatlonal problems, in comrlicated by the second objcction listed on page 1
and w1ll be d:scussed later. s

. Llnear varlates, lthvuun ccmmonly us ed, have two serious objections

assoc1ated Wlth them. If the varlates are siaxly added together with thfa

weight for each varlate eqpal to unlty, 1.e., unvelghted, the composlte
score may 1ot be representatlve of the ‘set if there 1s more than one factor
1nvolved, whlcn is usually the case. ®Such a.comblnation 1s-often uncritic-
allj done bf researchers in psychology and educatlon, narulcularly if the

>

variatés 1nvolved have the same dlmen51ons.' As the problem here concerns
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variates with dimensions of trials and seconds, we should be skeptical of
such practices. Moreover, if such additioﬁs were effected, what units would
be assigned to the new variate?
An alternacive to the iinear variate approach and ths one used in this

paper would be to deal with the variates as aggre gates which are not synthe-
.sized in any:arbitrary or regulatory menner.- To do thié let the variates be
: elemgnts of a matfix vherein their natural properties assume their rightful
values; Ye shall speak éf_the aggregdte we are discussing, i.e., ability to

solve problems on the clectromaze, as a matrix variate, TFor some problems

it may be decreed that the elements specify a concept so adequately that the

matrix variate is more properly called a
matrix definition. The logical scientific constructs of ecucation and psy-

cholog& may be considered to bz matrix definitions, and hypotheses regarding
them may be treat:d by the methed —or its generalizations— siown in this
naper.

Multivariate Analysis of Variance and Probability Considerations

As stated before, it is the purpose of this paper to describe the theo=~
retical and analytical aspects which underlie tests of hyrotheses that involve
the second order matrix variéte, "ahility tc sclve problems on the electro-

maze.t The methodology to be presented constitutes a very small part of what

is currently known as multivariate analysis in statistics. The particular
methodology presented here is a direct multivariate gencralization of the uni-

variate analysis of variance technique commonly called Fishertls t-test, first

principles, rcview of literature, and examples of this topic and many others.

b3

which collectively are called multivariate analysis of variance or multanova

are given in great detail clsewhere (2).

The other criticisit on page 1 of the use made of univariate anova was
concerned with tests of significance. Suppose we are analyzing the data of
an experiment which has a matrix variate of order two. We arc interested in

testing: some hypothesis or hypotheses. Until we know how to hanole this pro-



g e
blem, we will have to be content to analyzc the data astwo univariate experi-
mentss The hypothesis we want to test is,-say,
@ BRT Pp T RE e
Thus we have three tresatmants, A, B, and C, and we would like to know if the
population means aré equal for variates 1 and 2. For lack og;;orc optimum
method, we might proceed with one or the other of thc following alterunatives:
1. Wé'could-rejectnan ﬁypdthesis which is made on the matrix variate
if we reject it for either variate, 1 or 2.
2, We could reject an hypothesis which is made on the matrix variate
if wo rejebt it for botn variates 1 and 2.
If RH is the probability of reject.ny the hynothesis on the matrix var-
iate then.our'first alfarnativc involves the probability formulas
(2) - P(Ry) = P(Ry) * P(Rp) - P(RyRp).
where P(R,) and_P(RQ)_are the probabilitics of the hypdthesis for variate 1
alone and 2 aloqg, resﬁecéivbly; | If variates 1 and 2 are independently dis-
tributed then 2
(3) P(R1R5) = P(R1)P(Rj)
Assume P(Ry) = P(Ry) = .05 and 1 and 2 arc indepcadent, then
(L) | P(Rg) = 405 4 405 - .002'5 = .0275 ‘
Thus if thé above assumptions hold, the T pe I error involved in testing the
matrix variate hypothosis 1s slightly less than ,10.
The second alternativz involves the formula:
(%) P(Ry) = P(R;) P(Rp)
if we assumc’vafiatcs 1 and 2 as independent., Further if P(Rq) = P(Rp) =.05,
. then
(6) © B(Ry) = (.05)(,05) = 0025
This value is the Typc I error for the second alternative and is quite dis-
q;epaﬁﬂ ﬁg the value ,0975 obﬁainéd by the first altcrnative method, If ﬁe

desirc to ‘make P(RH) = ,05 for cither alternative we can do =- by changing
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P(R;). or P(Rz) both. This is a simple matter when there exists independence
bétwecn variates 1 and 23 othurwisc the situation can be quite complicateds
«hen the variates are not independent, their multivariate distribution must

be considered. Evcn an assumptioﬁ of ‘a mult:variate normal distribution
would not he of valve when testing the hypothesis by cither or toth of the
sugeested alternétives unless rho is known oxactly.

What is nccded then is an optimum method by which we can ﬁest nypotheses
using matrix'variates, and which has significant tests that may be interpreted
exactly in terms of orobability. without recoursc to nuisance parameters, Such
a methodology is multanova. A special case of this methodology will now be
presénted and illusirated by mcans of the electromaze data,

The Two-Sample Problem or the ‘ultivariate Generalization of Fisher's t

Let: : gy i

& (8« ehy

. [ . 'n . (] S i = 1», XX} P
"yI‘ll . . D) yr22 {

be r; + 1 random observations on p variates, Ndie;that'the superscript i is
not a power, but merely a designate of the variate to which the variable be-

longs. Aosume fLrthcr that

(8) . iygllg are MNID ( Pl s O 13, a1 Z 1y eeey r1

(MNID = multivariately normally and independently distributed)

(9) § ¥a.1{ are MNID ( pﬁ » 6 435) 3,21, eees T,

s v

i, 3521, eess P

or that 7 : : =

(10) ¥ are MNID (pd , 6..) k1,254, j=1

. { yékk} S e v e E s 65 1, ) s eeey D

In this problem'we wish to test the mnltivariatg null hypothesis
(11) o {P-% = B %3 i= 1, eses P
The mathematlcal observation model is the mean of the multivariate snormal dis-

tribution of the observations. Their expectations may be written as
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- (12) B { vafi| = {Pﬁi

‘e may write out the expectdtion for each matrix obscrvation as:

Efnd=1{u} « ofpdl
e sl ojrh
- (il 2 pth 4 0p 8
i {ndf =0 pp 2 1yp ]
S = iy i\'. : .
- Ei%%ﬁ"’%.hx* Y
- E H '

The- coefficients of the parameters constitute the estimation space and this

;.ww 1l

space is generated by two vectors:
(2= X171 L eee; 1,0, 05 4eey 0)
ik dz = (O, O’ evey 0,- 1, 1, sey l)

The rank of this vector space is two which signifies there are two muiti- -

variate estimates for the parametcrs. The least squares normal equations

AT YR T TV ) R T 6

. ares - |
(15) {yi?) (4 +%1) + Jua‘,l () +5p) =foty o ’?i2
K) =i
{}’ii(z'l) ‘f}‘z?(" ) =i "1}
where
(16) %}’I.l;= %yli, yzi, seey yr%l: Y]_%: Yga_:, ;oo, yr%Z’?
because
(7} (4 H) =1, and (% o Ay) =1,
(-f *%) =0 and (% X)) =0

4 x .
ia-frl Yal and{"‘ N s g,
fe solve the normal equationg as

o oas Pz gy 3l anadp "Z=§yi !
- F1y e f‘i) . 2
- Which are the iwo multivariatc sample means, ‘he total sums of squares (SS)

and cross-products (XP) of the observations are
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2 ( 5
{ = 7"‘1{ Y .-1 5
(19) e I b CAC I IR ajk {3’ aﬂk%
where the j matrix is the transpose of the i matrix.

The SS and XP due to cstimatos is

: ]
(20) SSEy "«yl)i 71 y.zg . .Q{-

ll 'l)ﬂy'i‘l + r {y}zlg del\

Since it is known that the SS and XP for error is

(21) SSei = SST - SSE.. =

. % k__‘ S\ 55— y-kz)slya'jk -7 %{2

k=i ag=L ¢

e 7

I‘
= T3 ¢ 3 % 2 % i
~2 : Y - y ‘7 Y - y : Y. in - yl -
a1=i .j all % ay 2 =1 as 2 238 '122 y 2)

which is called the generalized variance-covariance (varccvar) matrix, In-

-

cidentally, tais is a familiar form when i = j = 1.
Next we necd to find the 88 and XP due to our hypothesis so that it may
bg_tested.‘ The hypothesis again is
- il
(22) | S}llg-{}lzﬁ

A 11near -function of the population means is called an hyvpothesis contrast

if the sum of the coefficients is zero, Thereby

@) - L RS en fy 8]

is a contrast if .g; ¢, O. The hypothesis may be stated in the form of the

contrast

; ‘ 2 i)
(2L) _ 11’1 % 20 3
The sample estimates of the hypothe51s appear to carry k degrees of freedom
(see references 2 and 3), but thc contrast itsclf is a linear restiiction on
the estimates so the dogrees of frecdom carried by the hynothesis contrast

is k;l; ‘For our paiticular case this number is 1 for k=2, The samplc ese

R R AT NN T ey mm}mm}mmﬁﬁ TEPBAR SO R

timate of the hynovh sis contrast is given by,

ki

& :

(25) 'yl’-’Y“ ot ¢
This equation is orthogonal to the ceneral multivariate mean
(26) : {y.}zﬂrl yiy +r2y;122>

I‘l-a-rz

—— —————
Z e v—————
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and the SS and XP assoclated with this funetion is
(27) (rl+rg) Y.-k{foaz
Conscquently the SS and XP of the one degree of frecdom carried by the hypo-

thesis contrast is

(28) B = (20) - (27)
I'l %\y.i_ Y.i )LLY i ygﬁ} i y. 2 Y 'lﬁy' 1 Jz

This SS and XP is uscd togethcr with A of the criterion statistic

(29) lp-e@ms+m =

where A and B have indcpendent ¥Wishert distributions W(ag s, 613, Py Ty4ro=2)

and W(b; 6§j, p, 1) respectively, The complete multivariate analyéis of

a v

variance is summarized in Table 1.

Table 1
The Multivariate inalysis of Variance Table

for the Generalizaticn of Fisher's t

Source of
Variation D, F. 5S¢ and XP Criterion
Hypothesis:

Between samples B B = (28). N
Error:

Within samples ry+ro=2 ' A=(21)

=y

Because the rank of B is unity, there will be only one determinamental
root independently of the valuec of p, Thc critcrion given in (29) is not
the only onc uscd for tihis problem. Hotclling,in giving the original solu-
tion for this problem,defincd 2 statistic T2 for testing hy-othesis (2L). 72
was defined as

il

)
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where

(31) 2 li \,—'T;_{y’l chg

and % 3‘1% is the product of the lLiverse matrix of A and f, the degrees of

freedom of A, i.c.y 79 + rp - 2 = f, Hotelling found the distributien of T2
to be an incomplete beta distribution which by the transformation
(22) Fa (f-pal) T2
Ip
becomes the variance ratio distribution of Fisher for nj = p and np = f-p+l,

The relationship between 6 and T2 is given by

2

(33) 6= L, and T2 = fe

Thercfore,

(3L) B(F =B #1)== f=p=l 8
p L -9

The Application of the Multivariate Generalization of Fishcr's t
to

Elcetromazce Data

]

A complete problem will be illustratcd for the first proolcem and the ro-

sults of theother six problcms will be summérized. Let

vy 11 be the numbcr ég trials made in solving the problcm by the alth

3

Physics student

yéil be the time in seconds required to solve the preblem by the alth
Physics student

yé%2 be the number of trials made in solving tho problem by the a,th
American Studies student

yézz be the time in scconds required to solve the problem by the a2th

American Studies student

The complete data are given in Tabls 2,

—_— —sf
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Table 2

Summery Table for the Gencralized Fisher's t Illustration

SS 2nd XP

Major Variate 2 3 2

Physics di &L 2 3k,978 136,032
(r1=25) 2 2056 1,299,262

smerican Studies 1 1302 177,680 238,608
(r2=20) 2 1895 377,361

It is assumcd that

(33) %ya}'ikg are WNID ( i, 07, )
and we wish to test the hypothesis
(30) R {)ﬁbz
2 ) 2 j
2 Fa 2"

The equations of expectation arc ziven by (13) where rl= 25 and r2=?0.and the
estimation space is generated by (1h). Solving the normal equations (15),

we find

(35) \ S '25.682
b=
1

H%I o 65.10i
"é ' 82.2&)

and Apl A X

/

22> >
——r

which arz the samplc means for each variate for cach group of subjects, The
total SS and XP arc found from the cntries in Table 2, Corresponding to
(20) we find

(36) | SSE; 4= | 25.68 féuz 2056{ + 65410 {1302 1895}
0 oy82.2u(t {9Le 75

= (16L386456 52799.082+)8u760.20 12336&.502
252798.08 169035.hh) 112336h.50 179551.25}

= (1012L6.76 176162.581
176162,58 3u8636.69'~)
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Using (21) we get
50y 4 = (212658 37L6

0)
337u6uo 1676%&33'

4 ‘ .
1012L6.76  176162,58 [ _ (111411.2h 198L77.42
2176162.58 3h8636.69—3 & %198&77.&2 1328007.6%]

t= A
We yet need to find the 3S and XP due to the hypothesis. Thess values are
found by using (26), but we need to calculate (27) which is

(38) ) {h3 .20 § 13,20 87,80} _{ 83980.80 170683.201

87.80 | =W70683.20  3L6697.80
Then,
e ” _{17265.96 54754381
(39) B= (20) - (2?) - 1 5h79.38 1738.893

The criterion, (29), becames

(Lo) | 17265496 ~ @ (128677.20) - 5479.38 - 6 (2039£5,80) |

5479.38 - 0 (203956.80) 1738.87 - @ (1329746.58)!

Solving for é, we get

n
o

(L1) 129509690357.7360 €2 - 209479931.1568 &
' 0= .1617, O
We now test thé 'significance of the non~zero-root;‘9, with equation (3L4).

(L2) F.ghgg‘= L3 -22 + 1 (:121;) i h.054

which is siggificant at the .05 level, If we evaluate T? we find it to be

8425, The analysis may be summarized as shown in Table 3.

Table 3
The Multivariate Analysis of Variance Table for the Illustration
 of the Generalization of Fisher's t
Source of

) De F, SS and XP Criterion
Variation ;

Hypothesis:

17265.,96  5L79.38 =
Beiween Samples 1 51,79.38  1738.89 S = L1617*

Error: : *means sig-
11ih1i.2Lh 198477.h2 ‘nificant
“ithin Samples L3 198L77.42  1328007.69 cat L05
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Had we chesen either one of the criteria variates —-trials or time— as
the variate upon which the analysis was to be made, different conclusions

wouid have been reached. From the diagonal elements of the matrices of

Table 3 we can construct the analysis of variance which would be mde on

‘each variate separately by using Fisher's t. Thus,

= +.2 = (L3)(17265,96) = 3
(43) Fy (1%) ¢ (ﬁ%ﬁ%&pé‘ ) 6,66
; - 2 ™ o ° 9 -
(L) F, (13) =t RO a .06

the results show that the groups are not homogeneous with respect to the mean

number of trials, but they are homogeneous with respect to the time involved

in the solution, It is not too surprising that the greater mean values be-

long to the American Studies group, Here greater rean values indicate less

- proficiency at the task,

- ——

o | —————
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The summary analysis of Electromaze probler 1 and the other six problems

is given in Table ¥,

Table L

The Fesults of Multivariate and Univariate Tests of Significance

Associated with Seven Problems on the Electromaze

Statistic

Problem 1 i F(.8)  FO3) Fo(b)
1 .1617 8,29 L,05¥ 6.66% .06
2 J1652 8,51 L.16% 8.08% .13t
3 .0013 06 .03 «05 .05
L 0091 ,39 W19 03 oG
5 0487 2,26 1,08 00 1,29
6 #0985 L.T0 2406 L6 53
7 .0250 1,10 .5k «00 .70

*significant at .05 level

**significant at .0l level

Variate 1 = Trials

Variate 2 = Time

# The author would like to thank lirs. Leah Horwitz who carried out these cal=-

culations with her usual complete accuracy and unusual speed.

————— e ————
'
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We note from Table Q that there exist significant differences on the
t and sccond problems on the multivariate test and for the trials var-
iate on the univariaﬁe tests, Such results are to ve erpected since the
problems were very simple and could be solved in a short time vhether or
not the "scientific method" or "logiczl procedures' were used to effect
the solution, For more difficult problems, especially 5, 6, and 7, the
time factor became increasingly important but not significantly so.. If we
are to believe that the electromaze measures the applicaticn of "scientific
method" and/or "logical procedure," then a possible interpretation of the
fact that the variate "number of trials!" discriminates for the very simple
problems and not for the more compleX ones is that the number of possible
logical moves becomes so large for harder problems that they could be solved
equally well by random punching and that it seem to take a 1itf1e_longér
time for the logical punching, Obvicusly, more investigation needs to be
déne with perhaps instructions being giﬁen on how many keys need to be punched

for a solution and also how many aresto be punched simultaneou~ly., Oome train-

<

ing in the appropriate specific logical procedures would undoubtedly be worth-
while. The interpretation of Table L is admittedly rather sketchy, but this
discussion poinfs out a possible conclusion and wherein the difficulties lie,
Some other suggestions regarding electromaze data and experiments might
be made,s It might be quite revealing to investigate the sequential order of
punching that the different types of students apply to particular problems,
This will reveal more than mere conjecture on the part of the observer or
participants regarding the question of whether efficient systematic procedures
are being applied., Secondly, now that the pilot studies have been initiated,
we should take into consideration the_cofrect sample sizes needed to protect
against accepfing false multivariate null hypothesés when certain alternative
hypotheses are true., Two of the electromaze problems have provad able to con-

trast the two groups considered, The other problems may contrast groups of



different academic or professional achievements or interest and this possibil-

ity might be investigated.



S &

Summary
l. PFor logical and analytical reasons a éertain mul*ivariate analysis pro=
cedure was used to test the multivariate ﬂull hvn he319 that two varwa+es
—~trials and time—— which relate to electromaze ﬁroblpm scluticn have oqual
population mean values for Phy31cs and Amer;can ‘Studies studegts at the Uni-
versity of Minnesota.
2. The test was derived from the observatibnal model and the appropfiéte
tests of significance were providad.
3. The complete detailed calculations were given for the first electromaze
problem.
L. A table was provided which summarized the seven multivariate ﬁesté of
significance and the separate tests of signifiéénce for each of the two var-
iates considered independently, |

5. Some comments were made which rélate to interpreation of the data and

for further experimentation,
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